Abstract. We introduce a functorial tower of localizing subcategories in the Morel-Voevodsky motivic stable homotopy category. We study the tower for the spectrum HG representing motivic cohomology with coefficients in an abelian group G. When G = Z/ℓ is a field, we show that the tower induces an interesting finite filtration on the Chow groups of smooth schemes over a perfect field. For G = Z or G = Q, we show that the tower induces an interesting finite filtration on the motivic cohomology groups of smooth schemes over an algebraically closed field. With rational coefficients, this finite filtration satisfies several of the properties of the still conjectural Bloch-Beilinson-Murre filtration.
Introduction
The main goal of this paper is to construct an interesting finite filtration on the Chow groups (with coefficients in a finite field Z/ℓ) of algebraic cycles modulo rational equivalence, and as well an interesting finite filtration on the motivic cohomology groups (with integral or rational coefficients). Considering rational coefficients, we obtain a finite filtration which satisfies several of the properties of the still conjectural Bloch-Beilinson-Murre filtration [1] , [2] , [14] .
Our approach can be sketched quickly as follows. For a smooth scheme Y of finite type over a perfect field k, the Chow groups can be computed in Voevodsky's triangulated category of motives [31] . Thus, a standard adjointness argument implies that the Chow groups can be computed as well in the Morel-Voevodsky motivic stable homotopy category SH:
, HR); where HR represents in SH motivic cohomology with R-coefficients. Since SH is a triangulated category, it is possible to construct the filtration by considering a tower in SH (see §5):
With this definition, it is not at all obvious that the filtration F
• CH q (Y ) is finite. This is proved in 5.2.3. It is also interesting to observe that the filtration is defined (and is finite) for any coefficient ring R (not just the rationals) and for any smooth k-scheme of finite type (not necessarily projective). Now, we describe the contents of the paper. In §1.1, the main results are stated and proved using the constructions of the remaining sections. In §1.2-1.3, we fix the notation and introduce the basic definitions that will be used in the rest of the paper. In §2, we prove some general results for localizing and orthogonal subcategories of a triangulated category which is the homotopy category of a Quillen model category, see 2.1.10, 2.2.11, 2.2.13, 2.2. 16 . In §3, we introduce the weakly birational covers and the weakly birational tower which will be used to construct the filtrations we are interested in, see 3.2.1, 3.2.4, 3.2.11, 3.2.15. In §4, we study the weakly birational tower with rational coefficients and show that in this case, all the components of the tower are motives and the corresponding maps in the tower are as well maps of motives, see 4.2.1. We also prove some auxiliary results of independent interest for the slice filtration with rational coefficients, see 4.1.13, 4.1.15, 4.1.16. Finally, in §5, we study the weakly birational tower for motivic cohomology and describe the main properties of the induced filtration, see 5.1.7, 5.1.8, 5.2.1, 5.2.3.
1.1. Main Results. We will consider a base scheme of the form X = Spec(k), where k is a perfect field. We will write HF (resp. HF p,q ) for the spectrum representing in SH motivic cohomology with coefficients in a finite field F = Z/ℓ, where ℓ = char(k); (resp. Σ p−q (G In addition, the filtration F • is functorial in Y with respect to morphisms in Sm X and satisfies:
Proof. Since CH q (Y ) F ∼ = Hom SH (Σ −q (G −q m ∧Y + ), HF), we deduce all the properties (except for the non-triviality) by combining 5.2.1 and 5.2.3.
To show that the filtration is in general non-trivial, we will assume that q = ℓm for some m ≥ 1, and that there exists a ∈ CH m (Y ) F such that 0 = a ℓ ∈ CH q (Y ) F . Hence by [33, Lemma 9 .8], we deduce that 0 = a ℓ = P m (a) ∈ CH q (Y ) F , where P m : HF → HF 2m(ℓ−1),m(ℓ−1) is the motivic operation P m constructed by Voevodsky in [33, p. 33] . By adjointness, P m (a) is the following composition in SH: Let Y ∈ Sm X . We will write H * , * (Y, R) for ⊕ p,q∈Z H p,q (Y, R), where:
, HR) is the motivic cohomology of Y of degree p and weight q, with R-coefficients. In the next result we will consider motivic cohomology with integer and rational coefficients. We will write R for Z or Q; and 1 for Σ ∞ T X + , the sphere spectrum in SH. Theorem 1.1.2. Let the base scheme X = Spec(k), with k an algebraically closed field; and Y ∈ Sm X . Then, there exists a non-trivial decreasing filtration F
• on H * , * (Y, R), where the n-component in degree p and weight q is given by the image of θ HR −n * :
In addition, the filtration F • is functorial in Y with respect to morphisms in Sm X and satisfies:
Proof. Combining 5.2.1 and 5.2.3, we deduce all the properties, except for the nontriviality of the filtration.
To show the non-triviality of the filtration, by 5.1.8 and 5.1.5 it suffices to construct a non-trivial map HR → G q m ∧ HR, for q > 0. To obtain such a map, it suffices to show the existence of a non-trivial map a : 1 → G q m ∧ HR; since a ∧ HR will produce the non-trivial map we were looking for.
By definition of the sphere spectrum, Hom SH (1, G q m ∧HR) ∼ = H q,q (X, R), where X = Spec(k). Now, a theorem of Nesterenko-Suslin and Suslin-Voevodsky [18] , [27, Thm. 3.4] implies that H q,q (X, R) is isomorphic to the degree q Milnor K-theory of k with R coefficients, K M q (k) R . However, it is well-known that K M q (k) Z is uniquely divisible [36, Ch. III, §7, Ex. 7.3(a)]. Thus, H q,q (X, Z) = 0 and H q,q (X, Q) = 0, as we wanted.
With rational coefficients, the filtration in 1.1.2 is not only functorial with respect to maps in Sm X , but in fact it is functorial with respect to Suslin-Voevodsky transfers. Let DM Q denote Voevodsky's big (admitting infinite direct sums) triangulated category of motives with rational coefficients. Theorem 1.1.3. Let R = Q, and X = Spec(k) with k a perfect field. Then the filtration F
• in 1. When k is an algebraically closed field (e.g. k = C), combining 1.1.2 and 1.1.3 we deduce that the filtration F
• with rational coefficients satisfies several of the properties of the still conjectural Bloch-Beilinson-Murre filtration [1] , [2] , [14] , [9, §2] , which was originally defined for the Chow groups with rational coefficients, but admits a natural extension to motivic cohomology of arbitrary degree and weight. Namely, our filtration F
• is non-trivial, finite and compatible with the action of correspondences (since it admits Suslin-Voevodsky transfers). Unfortunately, the methods of this paper are not sufficient to show that the filtration is non-trivial when restricted to the Chow groups with rational coefficients.
1.2.
Definitions and Notation. In this paper X will denote a Noetherian separated base scheme of finite Krull dimension, Sch X the category of schemes of finite type over X and Sm X the full subcategory of Sch X consisting of smooth schemes over X regarded as a site with the Nisnevich topology. All the maps between schemes will be considered over the base X. Given Y ∈ Sch X , all the closed subsets Z of Y will be considered as closed subschemes with the reduced structure.
Let M be the category of pointed simplicial presheaves on Sm X equipped with the motivic Quillen model structure [25] constructed by Jardine [10, Thm. 1.1], which is Quillen equivalent to the one defined originally by Morel-Voevodsky [10, Thm. 1.2], taking the affine line A 1 X as interval [13, p. 86 Thm. 3.2] . Given a map f : W → Y in Sm X , we will abuse notation and denote by f the induced map f : W + → Y + in M between the corresponding pointed simplicial presheaves represented by W and Y, respectively.
We define T in M as the pointed simplicial presheaf represented by S 1 ∧ G m , where G m is the multiplicative group A 1 X − {0} pointed by 1, and S 1 denotes the simplicial circle. Given an arbitrary integer r ≥ 1, let S r (resp. G r m ) denote the iterated smash product of S 1 (resp. G m ) with r-factors:
m will be by definition equal to the pointed simplicial presheaf represented by the base scheme X. Let Spt(M) denote Jardine's category of symmetric T -spectra on M equipped with the motivic model structure defined in [10, Thm. 4.15] . The smash product of symmetric T -spectra endows Spt(M) with the structure of a symmetric monoidal model category [10, Prop. 4.14] . Hence, it is possible to consider (commutative) ring spectra with unit in Spt(M) and modules in Spt(M) over a given (commutative) ring spectrum.
We will use the language of triangulated categories. Our main reference will be [16] . Given a triangulated category, we will write Σ 1 (resp. Σ −1 ) to denote its suspension (resp. desuspension) functor; and for n > 0, Σ n (resp. Σ −n ) will be the composition of Σ 1 (resp. Σ −1 ) iterated n-times (resp. −n-times). To simplify the notation, we will write Σ 0 for the identity functor. We will use the following notation in all the categories under consideration: * will denote the terminal object, and ∼ = will denote that a map or a functor is an isomorphism. If a category is simplicial, we will write M ap(−, −) for its simplicial set of morphisms.
1.3. Quillen model categories [24] . We will follow the conventions of [5] , in particular all the Quillen model categories that we will consider will be closed under arbitrary limits and colimits. Given a Quillen model category A, unless explicitly stated otherwise we will write Ho(A) for its homotopy category.
1.3.1. Bousfield localization. For details and definitions about Bousfield localization we refer the reader to Hirschhorn's book [5] . Let us just mention the following theorem of Hirschhorn, which guarantees the existence of left and right Bousfield localizations. 
Localizing and orthogonal subcategories
Most of the results in this section could be stated in the language of triangulated categories [16, . However, we will work within the framework of Quillen model categories which has the advantage that in the applications to motivic homotopy theory, the constructions admit a natural extension to the motivic unstable homotopy category [23] .
In this section, A will be a simplicial [25, II.1, II.2], stable [7, Ch. 7] , proper and cellular Quillen model category. In particular, by 1.3.2 all the left and right Bousfield localizations that we will consider in this section exist. We will write R (resp. Q) for a fibrant (resp. cofibrant) replacement functor in A.
Let T denote the homotopy category of A. We will consider T as a triangulated category where the distinguished triangles are given by the cofibre sequences [25, I.3] in A and the suspension functor is induced by smashing with respect to the simplicial circle S 1 [7, Def. 6.1.1].
2.1. Localizing subcategories. Let T ′ be a subcategory of T . Recall that T ′ is a localizing subcategory of T ; if T ′ is a full triangulated subcategory of T , and T ′ is closed under arbitrary coproducts.
2.1.1. Generators. Let G be a class of objects in T = Ho(A). We will follow the notation of Neeman [17] and write
for the intersection of all the localizing subcategories of T which contain G. We will say that Loc(G) is the localizing subcategory of T generated by G.
Lemma 2.1.3. Let K be an object in Loc(G) such that for every G ∈ G and every n ∈ Z:
Proof. Let ⊥ K denote the full subcategory of T which consists of objects L ∈ T satisfying Hom T (Σ n L, K) = 0, for every n ∈ Z. We observe that ⊥ K is triangulated and closed under arbitrary coproducts. By hypothesis G ⊆
Thus, we conclude that K = * .
Corollary 2.1.4. Let f : M → N be a map in Loc(G) such that for every G ∈ G and every n ∈ Z, the induced map of abelian groups:
is an isomorphism. Then f is an isomorphism.
Since the maps f * above are all isomorphisms, we conclude that for every G ∈ G and every n ∈ Z:
2.1.5. Presentation of localizing subcategories. From now on we will assume that G in (2.1.2) is a set. Let R G A denote the right Bousfield localization of A with respect to the set:
(1)(a) and 3.1.8] we can assume that the objects in Σ ±∞ G are cofibrant in A.
Let C be a functorial cofibrant replacement in R G A. Recall that A is a simplicial Quillen model category with fibrant replacement functor R. 
Proof. By construction, the suspension functor Σ 1 of Ho(A) is induced by the Quillen adjunction (
A is a stable model category and its homotopy category Ho(R G A) is a triangulated category.
Since the identity functor id : A → R G A is a right Quillen functor, we conclude that (C, R, ϕ) is an adjunction. By [7, Props. 6.4.1 and 7.1.12] we deduce that C and R are triangulated functors. Proposition 2.1.9. Let f : M → N be a map in R G A. Then f is a weak equivalence in R G A if and only if for every G ∈ G and every n ∈ Z, the induced map of abelian groups:
is an isomorphism. 
Since A is a simplicial model category and H is cofibrant, we deduce that M ap(H, RX) and M ap(H, RY ) are both Kan complexes. Thus, for every r ≥ 0 and every H ∈ Σ ±∞ G the following diagram commutes, where the top row and the vertical maps are all isomorphisms of abelian groups:
Therefore, for every G ∈ G (see 2.1.6) and every n ∈ Z the map:
is an isomorphism of abelian groups. (⇐): Fix H ∈ Σ ±∞ G. Let ω 0 , η 0 denote the base points of M ap(H, R) and M ap(H, RY ) respectively. It suffices to show that the map:
is a weak equivalence of simplicial sets [5, 5.1.1(1)(a) and 3.1.8].
Since A is a pointed simplicial model category, lemma 6.1.2 in [7] implies that for k ≥ 0 the following diagram commutes:
By hypothesis the bottom row is an isomorphism of abelian groups, thus we deduce that all the maps in the top row are also isomorphisms. Therefore, for every H ∈ Σ ±∞ G, the induced map of simplicial sets:
is a weak equivalence when it is restricted to the path component of M ap(H, RX) containing ω 0 . We observe that Σ −1 H is also in Σ ±∞ G, hence the following map:
is a weak equivalence of simplicial sets, since taking S 1 -loops kills the path components that do not contain the base point. Then, we observe that the rows in the following commutative diagram are isomorphisms, since A is a simplicial stable model category:
Hence, the two out of three property for weak equivalences implies that the (Rf ) * is a weak equivalence of simplicial sets. Let η denote the counit of the adjunction (i, r, ϕ) : Loc(G) → T , and let K ∈ R G A be an arbitrary cofibrant and fibrant object. We observe that for every G ∈ G and every n ∈ Z, Σ n G is in Loc(G). Since i is a full embedding, we deduce:
Thus, by adjointness:
Hence, we deduce that for every G ∈ G, and every n ∈ Z, the induced map of abelian groups:
is an isomorphism. Thus, by 2.1.9 we conclude that the map R(η Proof. By 2.1.10 it suffices to show that Loc(G) is compactly generated with set of generators given by Σ ±∞ G. But this follows directly from 2.1.3 since we are assuming that G is a set, and that all its objects are compact.
Orthogonal subcategories. Given a triangulated subcategory
denote the full subcategory of T with objects K such that for every
Proof. By definition T ′⊥ and ⊥ T ′ are full subcategories of T . Thus, it suffices to check that they are triangulated. But this follows immediately from the fact that the functor Hom T (A, −) (resp. Hom T (−, A)) is homological (resp. cohomological) for every A ∈ T (see [16, Def. 1.1.7]).
Presentation of orthogonal subcategories.
From now on we will assume that G in (2.1.2) is a set. Our goal is to find a presentacion for Loc(G) ⊥ . Let L G A denote the left Bousfield localization of A with respect to the set of maps:
Recall that A is a simplicial Quillen model category with cofibrant replacement functor Q. 
Proof. By construction, the suspension functor Σ 1 of Ho(A) is induced by the Quillen adjunction ( 
6). Then f becomes an isomorphism in
Ho(L GW A). 
Proof. Since L W A, L GW A are left Bousfield localizations of A, we deduce that they are simplicial model categories with the same cofibrant replacement functor Q. Thus, it suffices to show that they have the same class of weak equivalences. By [5, 9.7.4] , it is enough to check that the fibrant objects in L W A and L GW A are the same.
For this, it suffices to show [5, 3.1.6.(c) and 4.1.1. (2)] that the identity functor
is a left Quillen functor. We consider the following diagram, where the arrows are left Quillen functors:
By 2.2.7(4) (resp. 2.2.7(2)), the maps in sW (resp. M GW ) become isomorphisms in Ho(L GW A) (resp. Ho(L W A)). Thus, the universal property of left Bousfield localizations [5, 3.3.19 . (1) and 3.1.
The next two lemmas characterize the fibrant objects in
Proof. We will assume that the objects Σ n G appearing as domains in M G (see (2.2.3)) are cofibrant in A (see 2.2.4). The universal property of left Bousfield localizations [5, 3.3.19 . (1) and 3.1.1.(1) ] implies that for every n ∈ Z and every G ∈ G, the map Σ n G → * is an isomorphism in Ho(L G A). By adjointness:
for every n ∈ Z and every G ∈ G. Thus, we conclude that G is contained in ⊥ LK, where ⊥ LK is the full subcategory of T = Ho(A) with objects A such that for every n ∈ Z, Hom T (Σ n A, LK) = 0. We observe that ⊥ LK is a full triangulated subcategory of T (see 2.2.1) and is closed under arbitrary coproducts. Thus,
Proof. We will assume that the objects Σ n G appearing as domains in M G (see 
, is a weak equivalence of simplicial sets for every n ∈ Z and every G ∈ G.
Let ω be a base point for M ap(Σ n G, K). Since A is a simplicial model category, we deduce π 0 M ap(Σ n G, K) ∼ = Hom T (Σ n G, K) which is zero by hypothesis when G ∈ G. Thus, we conclude that M ap(Σ n G, K) has only one connected component, and as a consequence it suffices to show that for r ≥ 1 the homotopy groups π r,ω M ap(Σ n G, K) = * . By [8, Lem. 6.1.2], we conclude π r,ω M ap(Σ n G, K) ∼ = Hom T (Σ n+r G, K) which vanishes by hypothesis. Hence the result follows.
The following theorem is the main result of this section.
Theorem 2.2.11. Assume that G is a set. Then, Loc(G)
⊥ is naturally equivalent as a triangulated category to the homotopy category Ho(L G A).
Proof. Combining 2.2.5 and 2.2.9, we deduce that the triangulated functor L : Ho(L G A) → T = Ho(A), factors through the inclusion j : Loc(G) ⊥ → T , which is also a triangulated functor.
We will abuse notation and write L : Ho(L G A) → Loc(G) ⊥ for the corresponding factorization. By [5, 3.5.2(1)], we conclude that L is fully faithful. Finally, lemma 2.2.10 implies that L is essentially surjective on objects, and so an equivalence of triangulated categories.
Corollary 2.2.12. Assume that G is a set. Then, Loc(G)
⊥ is a localizing subcategory of T = Ho(A).
Proof. Recall (see 1. 3) that A is in particular closed under arbitrary coproducts. Thus, by 2.2.11 we deduce that Loc(G) ⊥ is closed under arbitrary coproducts. Therefore, the result follows from 2.2.1.
We are particularly interested in conditions that guarantee that Loc(G)
⊥ is a compactly generated triangulated category in the sense of Neeman [15, Def. 1.6] .
Recall that L is a functorial fibrant replacement in L G A. ⊥ is a compactly generated triangulated category in the sense of Neeman, with set of compact generators:
Proof. By 2.2.11, it suffices to show that Ho(L G A) is compactly generated with generators {LK : K ∈ K}.
Let B ∈ Ho(L G A) such that for every K ∈ K: Hom Ho(LG A) (LK, B) = 0. Then B ∼ = * in Ho(L G A). In effect, we may assume that B is fibrant in L G A, then by adjointness:
Since K is a set of compact generators for T , we deduce that B ∼ = * in T . By [5, 3.3 
.3.(1)(a)] we conclude that
It only remains to show that the objects in LK = {LK : K ∈ K} are compact in Ho(L G A). Let B λ be a family of objects in Ho(L G A) indexed by a set Λ. We need to show:
We may assume that ⊕ λ∈Λ B λ is fibrant in L G A. By 2.2.10, we deduce that for every λ ∈ Λ, B λ is also fibrant in L G A. By adjointness and the compactness of K in T :
Hence the result follows.
We obtain the following interesting corollaries, where L is a functorial fibrant replacement in L G A. Corollary 2.2.14. Assume that G is a set and that T = Ho(A) is a compactly generated triangulated category in the sense of Neeman [15, Def. With the notation of 2.1.5, 2.1.6 let R LK A be the right Bousfield localization of A with respect to the set: {Σ n LK : K ∈ K, n ∈ Z}. 
are naturally equivalent as triangulated categories.
Weakly Birational Coverings and the Weakly Birational Tower
In [21] we introduced the birational (resp. weakly birational) motivic stable homotopy categories. In this section, after recalling their definition we show that we can apply to them the formalism of §2 and then use this formalism to construct the (weakly) birational coverings and the birational tower in the Morel-Voevodsky motivic stable homotopy category.
Recall that Spt(M) is Jardine's category of symmetric T -spectra on M equipped with the motivic model structure [10, theorem 4.15] . We will write SH for its homotopy category, which is triangulated.
3.1. Birational motivic stable homotopy categories. We will use Jardine's notation [10, p. 506-507] . Namely, let F n denote the left adjoint to the n-evaluation functor: 
where U + denotes the simplicial presheaf represented by U with a disjoint base point. 
Now we will study the left Bousfield localizations of Spt(M) with respect to a suitable set of maps induced by the families of open immersions B n , W B n described above.
3.1.7. First presentation. Let n ∈ Z be an arbitrary integer.
(1) We will write B n Spt(M) (resp. W B n Spt(M)) for the left Bousfield localization of Spt(M) with respect to the set of maps:
(2) We will write b (n) (resp. wb (n) ) for a fibrant replacement functor in B n Spt(M) (resp. W B n Spt(M)) and SH(B n ) (resp. SH(W B n )) for its associated homotopy category. For n = 0 we will call SH(B n ) (resp. SH(W B n )) the codimension (n+1)-birational motivic stable homotopy category (resp. codimension (n + 1)-weakly birational motivic stable homotopy category), and for n = 0 we will call it the birational motivic stable homotopy category (resp. weakly birational motivic stable homotopy category).
Second presentation.
(1) Let G Bn (resp. G W Bn ) be the set of objects in Spt(M) which complete the maps in sB n (resp. sW B n ) to cofibre sequences in Spt(M), i.e. distinguished triangles in SH. Namely, there is a bijection of sets sB n → G Bn (resp. sW B n → G W Bn ), f → G f such that for every f : E → F in sB n (resp. sW B n ), G f fits in a cofibre sequence in Spt(M):
of Spt(M) with respect to the set of maps M GB n (resp. M GW Bn ), see 2.2.3. (3) We will write Loc(G Bn ) (resp. Loc(G W Bn )) for the localizing subcategory of SH generated by G Bn (resp. G W Bn ).
Theorem 3.1.9. The identity functor:
is a Quillen equivalence.
Proof. We just need to consider the first claim, the proof being exactly the same in the second case. By 2.2.6 and 2.2.8, it suffices to check that B n Spt(M) (see 3.1.7) is also the left Bousfield localization of Spt(M) with respect to the set of maps {Σ r f : f ∈ sB n ; r ≥ 0}. This follows directly from Lemma 2.5 in [21] and the universal property of left Bousfield localizations [5, 3.1.1. (1)(a) and 3.3.19.(1) ].
Third presentation. Recall that b
(n) (resp. wb (n) ) is a fibrant replacement functor in B n Spt(M) (resp. W B n Spt(M)). By 3.1.9, b (n) (resp. wb (n) ) is also a fibrant replacement functor in L GB n Spt(M) (resp. L GW Bn Spt(M)). We will write R b (n) GSH Spt(M) (resp. R wb (n) GSH Spt(M)) for the right Bousfield localization of Spt(M) with respect to the set (see 3.1.2 and 2.1.5, 2.1.6):
Theorem 3.1.11. The following:
Proof. We just need to consider the first claim, the proof being exactly the same in the second case. By 3.1.1, SH is compactly generated with set of compact generators G SH . Hence the result follows by combining 3.1.9 and 2.2.16.
Recall that G SH is a set of compact generators for SH (see 3.1.2).
Corollary 3.1.12. The inclusion (see 3.1.8(4)):
is a triangulated functor which commutes with arbitrary coproducts. In addition, B ⊥ n (resp. W B ⊥ n ) is a compactly generated triangulated category in the sense of Neeman [15, Def. 1.7] with set of compact generators:
Proof. We just need to consider the first claim, the proof being exactly the same in the second case. It is clear that the inclusion B ⊥ n → SH is a triangulated functor and that it respects arbitrary coproducts. By 3.1.1, SH is compactly generated with set of compact generators G SH . The compactness of B ⊥ n follows from 3.1.11 and 2.2.13.
3.1.13. Voevodsky's effective categories. For every integer q ∈ Z, consider the following family of symmetric T -spectra:
Voevodsky [32] defines the q-effective motivic stable homotopy category Σ q T SH eff to be Loc(C q eff ) (see 2.1.2), i.e. Σ q T SH eff is the smallest full triangulated subcategory of SH which contains C q eff and is closed under arbitrary coproducts. When q = 0 we will simply write SH eff for Σ 0 T SH eff .
Definition 3.1.15. Let E ∈ Spt(M) be a symmetric T -spectrum. We will say that E is n-orthogonal, if for all K ∈ Σ n T SH eff : Hom SH (K, E) = 0. Let SH ⊥ (n) denote the full subcategory of SH consisting of the n-orthogonal objects. Proof. By 3.1.9 and 2.2.11, W B ⊥ n is naturally isomorphic as triangulated category to Ho(W B n Spt(M)) = SH(W B n ). On the other hand, by [21, Thms. 1.4(2) and 3.6], SH ⊥ (n + 1) is also naturally isomorphic as triangulated category to
Then, the result follows combining 2.2.9, 2.2.10 and [21, Prop. 3.5]. The case of a perfect field follows from Prop. 2.12 in [21] .
Recall that for q > 0, G
Corollary 3.1.17. Let E be an arbitrary symmetric T -spectrum in SH, and n, q be arbitrary integers. Then E is in W B 3.2. The weakly birational tower. In this section q will be an arbitrary integer. By construction there is an inclusion sW B q+1 ⊆ sW B q of sets of maps in Spt(M) (see 3.1.5, 3.1.6, 3.1.7(1)), and hence an inclusion G W Bq+1 ⊆ G W Bq of sets of objects in Spt(M) (see 3.1.8(1)). Thus, we deduce that Loc(G W Bq+1 ) ⊆ Loc(G W Bq ); and as a consequence (see 3.1.8(4)):
which are localizing subcategories of SH (see 2.2.12 and 3.1.8(4)). Therefore, we obtain the following tower of localizing subcategories in SH:
q → SH admits a right adjoint:
which is also a triangulated functor.
Proof. The result follows by combining 3.1.12 and theorem 4.1 in [15] . For any symmetric T -spectrum E in SH and for any F ∈ W B ⊥ q , the map θ E q : wb c q E → E in SH induces an isomorphism of abelian groups:
Since W B ⊥ q is a full subcategory of SH, we deduce that: such that for any symmetric T -spectrum E in SH the following conditions hold:
(1) There is a distinguished triangle in SH:
⊥ . Namely, for any F in W B such that for any symmetric T -spectrum E in SH the following conditions hold:
Proof. By 3.1.1 and 3.1.12, the triangulated categories SH and W B ⊥ q are compactly generated. Thus, the result follows from propositions 9.1.19 and 9.1.8 in [16] . (G, K) , or equivalently the kernel of π >q : Hom SH (G, K) → Hom SH (G, wb >q K).
Proof. Since SH is a triangulated category, the result follows from 3.2.11 and 3.2.13.
Remark 3.2.16. The constructions of this section can be carried out as well using the tower (see 3.1.8):
and it follows from 3.1.16 that both constructions are canonically isomorphic when the base scheme X is of the form Spec(k) with k a perfect field.
Rational Coefficients
The main result of this section is 4.2.1, which describes the weakly birational tower with rational coefficients.
is a Q-vector space for every Y in Sm X and every p, q in Z [12, Remark 4.3.3] , and that a map f : E → F in Spt(M) is a rational weak equivalence if for every Y in Sm X and every p, q in Z the induced map f * ⊗ Q : shows that the left Bousfield localization of Spt(M) with respect to the rational weak equivalences exists. We will write Spt(M) Q for this left Bousfield localization, and SH Q for its homotopy category.
Recall that 1 is the sphere spectrum in SH. The rational Moore spectrum 1 Q in Spt(M) is defined to be the homotopy colimit of the filtering diagram:
where 1 n → 1 is the composition of the sum map with the diagonal 1
is a rational weak equivalence.
Lemma 4.1.1. Let E be a Q-local symmetric T -spectrum in SH. Then the map E ∧ u : E → E ∧ 1 Q is an isomorphism in SH.
Proof. Since SH is a compactly generated category in the sense of Neeman (see 3.1.1); it suffices to show that for every compact generator G ∈ G SH (see 3.1.2) the map induced by E ∧ u, Hom SH (G, E) → Hom SH (G, E ∧ 1 Q ) is an isomorphism of abelian groups. We observe that E ∧ 1 Q is the homotopy colimit of the diagram: (
Proof. Let µ E : E ∧ 1 Q → E be the map inducing the 1 Q -module structure of E in SH. We observe that the composition µ E • (E ∧ u) : E → E is the identity on E. Hence E is a direct summand of E ∧ 1 Q , which is Q-local by construction. Thus we conclude that E is also Q-local, since this property is clearly closed under direct summands (see 4.1).
Orthogonality and weakly birational covers.
Lemma 4.1.5. Let E be an arbitrary symmetric T -spectrum in SH. Assume that E belongs to SH ⊥ (q) for some integer q ∈ Z (see 3.1.15). Then E ∧ 1 Q also belongs to SH ⊥ (q).
Proof. Combining 3.1.15, 2.2.12 and 3.1.13 we deduce that SH ⊥ (q) is a localizing subcategory of SH. By construction, E∧1 Q is the homotopy colimit of the diagram: Given an arbitrary integer n ∈ Z, consider the weakly n-birational cover of E (see 3.2.4, 3.2.5), θ
The sphere spectrum 1 is contained in the localizing subcategory SH eff (see 3.1.13). Thus, 1 Q is also contained in SH eff since localizing subcategories are closed under homotopy colimits. Consider the triangulated functor, − ∧ 1 Q : SH → SH.
Theorem 4.1.13. Let E be an arbitrary symmetric T -spectrum in SH, and p ∈ Z an arbitrary integer. Then Proposition 4.1.14. Let E be a Q-local symmetric T -spectrum in SH. Then for every integer p ∈ Z, s p E is a module in SH over s 0 (1) ∧ 1 Q .
Proof. We observe that E ∼ = E ∧ 1 Q in SH, since E is Q-local in SH (see 4.1.3). Thus, by 4.1.13 we deduce that
To finish the proof, it suffices to show that s p E is a module in SH over s 0 1. This follows from [19, Thm. 3.6.14(6)].
Let H B = KGL (0) ∈ Spt(M) denote the Beilinson motivic cohomology spectrum constructed by Riou in [26] . By the work of Cisinski-Déglise [3, Cor. 14.2.6], we conclude that H B is a commutative cofibrant ring spectrum in Spt(M). In addition, in [20, Thm. 4 .1] we show that s 0 (1) ∧ 1 Q is equipped with a unique structure of H B -algebra in Spt(M X ).
Corollary 4.1.15. Let E be a Q-local symmetric T -spectrum in SH. Then for every integer p ∈ Z, s p E is a module in Spt(M) over H B .
Proof. . Let E be a Q-local symmetric T -spectrum in SH. Assume that E belongs to the localizing subcategory SH ⊥ (n) for some integer n ∈ Z. Then E is a module in Spt(M) over H B .
Proof. By [3, Cor 14.2.16(i)-(v)], it suffices to show that E ∧ e : E → E ∧ H B is an isomorphism in SH. Since E ∼ = hocolim p≤n f p E in SH (see 4.1.12), it suffices to show that f p E ∧ e is an isomorphism in SH for every integer p ≤ n.
We observe that f p E ∼ = * ∼ = s p E for p ≥ n, since by hypothesis E is in SH ⊥ (n). Hence, the slice tower of E is of the form: 5.1.4. Non-triviality of the tower. Our goal is to show that for n < 0, the weakly birational covers wb c n (HR) and the layers wb n/(n−1) (HR) are interesting, i.e. they are not isomorphic in SH to either HR or * .
First where A −p,−q is the group of bistable operations in motivic cohomology with R coefficients of degree −p and weight −q [33] .
The non-triviality of wb c n (HR) and wb n/(n−1) (HR) will follow from the existence of non-trivial elements in A p,q for appropriate p and q. This information is codified in the spectral sequence of the tower (5. given by all bistable operations in motivic cohomology with R coefficients of weight −p. Then the spectral sequence degenerates. Therefore, the term E Theorem 5.1.8. Let q > 0 be an arbitrary integer. Assume that there is an integer p such that A p,q = 0, i.e. there exist non-trivial bistable motivic operations of degree p and weight q. Then:
(1) For every integer 0 < n ≤ q, wb c −n HR is not isomorphic to * . In addition, the natural map θ HR −n : wb c −n HR → HR is not an isomorphism in SH.
(2) The layer wb −q/(−q−1) HR is not isomorphic to * in SH.
